State-dependent Topological Invariants and Anomalous Bulk-Boundary
  Correspondence in non-Hermitian Topological Systems by Wang, Xiao-Ran et al.
ar
X
iv
:2
00
3.
13
49
4v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
30
 M
ar 
20
20
State-dependent Topological Invariants and Anomalous Bulk-Boundary
Correspondence in non-Hermitian Topological Systems
Xiao-Ran Wang,1 Cui-Xian Guo,1 and Su-Peng Kou1, ∗
1Center for Advanced Quantum Studies, Department of Physics,
Beijing Normal University, Beijing 100875, China
The breakdown of the bulk-boundary correspondence in non-Hermitian (NH) topological systems
is an open, controversial issue. In this paper, to resolve this issue, we ask the following question:
Can a (global) topological invariant completely describe the topological properties of a NH system
as its Hermitian counterpart? Our answer is no. One cannot use a global topological invariant
(including non-Bloch topological invariant) to accurately characterize the topological properties of
the NH systems. Instead, there exist a new type of topological invariants that are absence in its
Hermitian counterpart – the state-dependent topological invariants. With the help of the state-
dependent topological invariants, we develop a new topological theory for NH topological system
beyond the general knowledge for usual Hermitian systems and obtain an exact formulation of the
bulk-boundary correspondence, including state-dependent phase diagram, state-dependent phase
transition and anomalous transport properties (spontaneous topological current). Therefore, these
results will help people to understand the exotic topological properties of various non-Hermitian
systems.
Topological systems, including topological insulators
and topological superconductors have become the fore-
front of research in condensed matter physics for many
years[1–9]. These gapped topological system are always
characterized by certain (global) topological invariants
and have intrinsic topological properties that are robust
and immunes to perturbations. For two quantum phases
with different topological invariants, one cannot deform
the ground states from one quantum phase to the other
without closing the energy gap. On the other hand, non-
Hermitian (NH) topological systems have been inten-
sively studied in both theory[10–59] and experiments[60–
70]. The topological properties of NH systems show quite
different properties as their Hermitian counterparts. Re-
cently, within the generalization of Altland-Zirnbauer
(AZ) theory, the classification of NH systems with topo-
logical bands is characterized by different symmetry-
protected topological invariants[21, 34, 35].
An open issue is the breakdown the bulk-boundary
correspondence (BBC) in NH systems that has recently
become a subject of active and controversial discussion
[15, 19, 20, 22–25, 31, 50]. Due to the existence of NH skin
effect, the conventional approach of predicting boundary
states from bulk topological invariants for periodic sys-
tems does not provide a conclusive physical picture. Ac-
cording to Ref.[22], it was known that it is non-Bloch
topological invariant that characterizes the topological
properties of the NH topological systems. However, the
non-Bloch topological invariants cannot predict the exis-
tence of the (singular) defective edge state (an edge state
on the ends of an one-dimensional (1D) topological sys-
tem with NH coalescence).
Hence, to complete solve the open issue of the break-
down the bulk-boundary correspondence in NH systems,
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we develop a new theory for non-Hermitian topologi-
cal system by proposing the state-dependent topolog-
ical invariants. We point out that it is the state-
dependent topological invariants rather than a global
state-independent topological invariant that character-
ize the non-Hermitian topological phases. With the
help of effective edge Hamiltonian, we show spontaneous
EP phenomenon together with topological Hermitian-NH
transition for a given edge state. In addition, due to the
unbalance of the state-dependent topological invariants
for the edge states on chemical potential there exists
spontaneous topological current for 2D non-Hermitian
Chern insulator.
State-dependent topological invariants for 1D NH topo-
logical insulator: Firstly, we take 1D nonreciprocal Su-
Schrieffer-Heeger (SSH) model as an example to intro-
duce the state-dependent topological invariants and pro-
vide a new description of bulk-boundary correspondence
for 1D NH topological system.
The Bloch Hamiltonian for a nonreciprocal SSH model
under periodic boundary condition (PBC) is HPBC =
(t1 + t2 cos k)σx+(t2 sin k + iγ)σy+εσz where t1 and t2
describe the intra-cell and inter-cell hopping strengths,
respectively. ε is the staggered potential and γ describes
the unequal intra-cell hoppings. σi’s are the Pauli matri-
ces acting on the (A or B) sublattice subspace. In this pa-
per, we set t2 = 1. It was known that due to the NH skin
effect the bulk spectrum of the system becomes that of
a NH Hamiltonian HOBC with open boundary condition
(OBC). As a result, the effective bulk Hamiltonian turns
into[22, 23]HOBC(k) = (t¯1+t¯2 cos k)σx+(t¯2 sink)σy+εσz
where the effective hopping parameters become t¯1 =√
(t1 − γ)(t1 + γ), and t¯2 = t2. Here, SˆNHP is a similar-
transformation, i.e., |ψ(k)〉 → ∣∣ψ¯(k)〉 = |ψ(k − iq0)〉 =
SˆNHP |ψ(k)〉 or |n〉 → |n¯〉 = e−q0(n−1)|n〉 (n denotes the
cell number) with eq0 =
√
t1−γ
t1+γ
.
To completely characterize the edge states, we in-
2troduce the state-dependent topological invariants {v¯L,
v¯R} = {v¯ξ, ξ = L,R} where v¯L and v¯R are topological in-
variants for the edge states at left and right, respectively.
{v¯L, v¯R} are combination of Bloch topological invariants
from HPBC and non-Bloch topological invariants from
HOBC, i.e.,
v¯L = w¯ · vL, v¯R = w¯ · vR (1)
where vL =
1
2pi
∫
dk · ∂kϕ+ and vR = 12pi
∫
dk · ∂kϕ−
are the Bloch winding number that are defined from
the Hamiltonian under PBC HPBC. ϕ± =Arg(h±) and
h± is described by h± = hx ± ihy (hx = t1 + t2 cos k,
hy = t2 sin k+ iγ); w¯ =
1
2pi
∫ pi
−pi ∂φ¯(k)dk is the non-Bloch
topological invariant that is defined from the Hamilto-
nian under OBC HOBC, where φ¯(k) = tan
−1(h¯y/h¯x) and
h¯x = t¯1 + t¯2 cos k, h¯y = t¯2 sin k.
The state-dependent topological invariants {v¯ξ, ξ =
L,R} become a complete description of BBC for 1D
NH topological systems: There exist |v¯L| edge states at
left end and |v¯R| edge states at right end. The state-
dependent topological invariants are not applied to the
case of ε = 0. The non-Hermitian SSH model with ε = 0
is very special and unstable to arbitrary perturbation
breaking chiral symmetry. We will discuss the case of
ε = 0 in supplementary materials in detail.
As a result, for the 1D NH SSH model, we have a
state-dependent phase diagram with four phases (See
Fig.1(a)): phase I, phase II, phase III, phase IV. There
exist two kinds of topological phase transitions: the state-
independent topological transition at |t¯1| = |t¯2| is charac-
terized by the changing of non-Bloch topological invari-
ant w¯ for HOBC from a trivial phase with v¯L = v¯R = 0
(or w¯ = 0) to topological phase with v¯L 6= or v¯R 6= 0 (or
w¯ = 1); the other at t1 ± γ = ±1 is state-dependent that
is characterized by the changing of Bloch topological in-
variant vL or vR for HPBC from a topological phase with
the edge states (|v¯L · v¯R| = 1, and w¯ = 1) to another
without them (v¯L · v¯R = 0, and w¯ = 1).
To verify the validity of the state-dependent topolog-
ical invariants {v¯ξ, ξ = L,R} and explore the corre-
sponding topological transitions for the 1D NH topo-
logical insulators, we write down the effective Hamil-
tonian for the edge states Hˆedge =
(
h11 h12
h21 h22
)
where
hIJ =
〈
bI
∣∣ HˆNH ∣∣bJ〉 , I, J = 1, 2. (
∣∣b1〉∣∣b2〉 ) are the ba-
sis under biorthogonal set of the edge states at left/right
ends. For the NH SSH model with γ 6= 0, the effective
edge Hamiltonian is obtained as
Hˆedge = ∆¯+τ+ + ∆¯−τ− + ετz (2)
where ∆+ = ∆¯e−Nq0 =
(t21−t
2
2−γ
2)
t2
(− t21−γ2
t2
2
e−2q0)N/2 and
∆− = ∆¯eNq0 =
(t21−t
2
2−γ
2)
t2
(− t21−γ2
t2
2
e2q0)N/2. ∆¯ is the en-
ergy tunneling with the exponential decay of number of
unit cells N. In thermodynamic limit N → ∞, although
∆¯→ 0, the results are non-trivial.
FIG. 1: (Color online) (a) State-dependent phase diagram:
phase I with v¯L = 0 and v¯R = 0 – trivial phase without
edge states; phase II with v¯L = 1 and v¯R = 1 – topological
phase with two edge states at left and right ends; phase III
with v¯L = 1 and v¯R = 0 – topological phase with only one
edge state at left end; phase IV with v¯L = 0 and v¯R = 1 –
topological phase with only one edge state at right end; (b)
The numerical results for BBC ratio γBBC = 1 −
|〈ψ+|ψ−〉|
2
,
for the case of N = 100, ε = 0.1. In blue region we have
a Hermitian phase. In red regions, we have non-Hermitian
phases with spontaneous EP phenomenon. Between the blue
region and red regions, topological Hermitian-NH transition
occurs; (c) and (d): The numerical results for off-diagonal
term of the effective edge Hamiltonian Hˆedge, ∆
+ (a) and ∆−
(b). The dotted lines denote the topological Hermitian–non-
Hermitian transition with ln ∆¯
±
N
= 0 shown in (a) and (b).
According to the off-diagonal term ∆+ = ∆¯e−Nq0 or
∆− = ∆¯eNq0 of Hˆedge, there exists the competition be-
tween the exponential decay of N from energy tunneling
∆¯ ∼ e
N
2
ln(−
t2
1
−γ2
t2
2
)
and the exponential increase with N
from NH similarity transformation e±Nq0 . Therefore, in
thermodynamic limit (orN →∞) there exist two phases:
one is Hermitian phase with
∣∣∆¯e±Nq0∣∣ → 0, the other is
NH phase with
∣∣∆¯e±Nq0∣∣ →∞. In the Hermitian phase
with
∣∣∆¯e±Nq0∣∣ → 0, the effective edge Hamiltonian is
reduced into Hˆedge → ε · τz . Now, the effect from the
NH similarity transformation is irrelevant; On the other
hand, in the NH phase with
∣∣∆¯e±Nq0∣∣→∞, the effective
edge Hamiltonian is reduced into Hˆedge → ∆¯e−Nq0τ+ or
∆¯eNq0τ−. Now, the effect from NH similarity transfor-
mation dominates and becomes relevant. Although the
total energy splitting E+ − E− = 2
√
ε2 + ∆¯2 is finite,
the system is at exceptional points (EPs) and we have
singular defective edge state with NH coalescence. For
this reason, we call it spontaneous EP phenomenon.
At
∣∣∆¯e±q0 ∣∣ = 1, the topological transition between
Hermitian phase and NH phase with spontaneous EP oc-
curs. We call the state-dependent topological transition
to be topological Hermitian–NH transition. Fig.1(c) and
3Fig.1(d) are the numerical results for ∆+ = ∆¯e−Nq0 or
∆− = ∆¯eNq0 , in which ln∆
±
N = 0 or
∣∣∣ t21−γ2t2
2
e±2q0
∣∣∣ = 1
denotes the topological Hermitian–NH transition. This
condition for topological Hermitian–NH transition is just
t1±γ = ±1 from phase with the edge states (|v¯L · v¯R| = 1,
and w¯ = 1) to another without them (v¯L · v¯R = 0, and
w¯ = 1). To verify this type of topological transitions and
show the defectiveness of the edge states, we calculate the
BBC ratio, γBBC = 1 − |〈ψ+|ψ−〉|2 , a quantity that char-
acterizes number anomaly of the edge states. If ΥBBC is
1, there exists the usual BBC with v¯L = 1 and v¯R = 1;
if ΥBBC is smaller than 1, there exists defective edge
states with v¯L = 1 and v¯R = 0 or v¯L = 0 and v¯R = 1.
In Fig.1(b), we show the numerical and analytic results
that are consistent with each other.
State-dependent topological invariants and spontaneous
topological current for 2D NH topological insulators :
Next, we consider a lattice model of 2D NH Chern
insulator - the 2D NH spin-orbital coupling model[4].
The Bloch Hamiltonian under PBC is HPBC(kx, ky) =
(sin kx)σx+(sinky+iγ)σy+(m+cos kx+cosky)σz , where
σx,y,z are Pauli matrices. The NH parameters γ appear
as “imaginary Zeeman field”. Suppose that the cylin-
der has periodic-boundary condition along x-direction
and open boundary condition along y-direction, by do-
ing similar transformation SˆNHP, |ψ(k)〉 →
∣∣ψ¯(k)〉 =
|ψ(k − iq0)〉 = SˆNHP |ψ(k)〉, we have the non-Bloch
“cylinder Hamiltonian”, HOBC,y(kx, k˜y) = HPBC(kx →
kx, ky → k˜y − iq0, in which e−2q0(kx) = m+cos kx+γm+cos kx−γ .
Then, we define the state-dependent topological invari-
ants for edge states in the 2D NH spin-orbital coupling
model. For OBC along y-direction and PBC along x-
direction, the topological system exhibits modes local-
ized on the edges and the wave vectors kx = k =
2pin
Lx
(n = 1, 2, ..., Nx) are good quantum numbers. The state-
dependent topological invariants are defined as
{v¯ξ,k, k ∈ T 1, k 6= 0, ξ = L,R} (3)
where v¯k,L = Cy · vk,L are topological invariants for
all edge state at left end with wave vector k and
v¯k,R = Cy · vk,R are topological invariants for all edge
state at right end with wave vector k, respectively.
Here, Cy = 12pii
∫
dkxdk˜y ǫ
ij〈∂iuL(kx, k˜y)|∂juR(kx, k˜y)〉
is the non-Bloch Chern number that is defined from
the Hamiltonian HOBC,y(kx, k˜y) (|uR(kx, k˜y)〉 denotes
the bulk state of biorthogonal set under OBC); vL,k =
1
2pi
∫
dky∂kyϕ+(ky , k) and vR,k =
1
2pi
∫
dky∂kyϕ−(ky, k)
are the Bloch winding number that are defined from the
Hamiltonian HPBC(kx, ky). h± is described by h± =
hx± ihy (hx = (m+cosk)+cosky, hy = sin ky+ iγ) and
ϕ± =Arg(h±).
Therefore, the state-dependent topological invariants
{v¯ξ,k, k ∈ T 1, k 6= 0, ξ = L,R} becomes a complete
description of BBC for 2D NH topological systems: There
exist |v¯L,k| edge states with wave vector k at left end and
|v¯R,k| edge states with wave vector k at righ end. The
state-dependent topological invariants are not applied to
FIG. 2: (Color online) (a) is the state-dependent phase dia-
gram via m and k with fixed γ = 0.6: phase I with v¯L,k = 0
and v¯R,k = 0 – trivial phase without edge states; phase II with
v¯L,k = 1 and v¯R,k = 1 – topological phase with two edge states
at left and right ends; phase III with v¯L,k = 1 and v¯R,k = 0 –
topological phase with only one edge state at left end; phase
IV with v¯L,k = 0 and v¯R,k = 1 – topological phase with only
one edge state at right end; (b) The numerical results for BBC
ratio with fixed γ = 0.6, γk,BBC = 1 −
|〈ψk,+|ψk,−〉|
2
; (c) and
(d): The numerical results for off-diagonal term of the effec-
tive edge Hamiltonian Hˆedge for the case of γ = 0.6, ∆
+
k (c)
and ∆−k (d). The dotted lines correspond to
ln ∆¯
±
k
N
= 0, the
topological Hermitian–non-Hermitian transition shown in (a)
and (b).
the case of k = 0 and we will discuss the case of k = 0
in supplementary materials in detail. As a result, for
the 2D NH topological system with fixed parameter, we
have a state-dependent phase diagram via k and m (See
Fig.2(a)).
To verify the validity of the state-dependent topologi-
cal invariants, we obtain the effective edge Hamiltonian
for the NH spin-orbital coupling model.
Firstly, the effective edge Hamiltonian of edge states
for Hermitian 2D Chern insulator with γ = 0 is ob-
tained as Hˆedge = τzεk + τx∆k, where εk = sin k is
the dispersion of the edge states of semi-infinite sys-
tem and ∆k = ((cos k + m)
2 − 1) · (cos k + m)Ny is
tunneling strength. As a result, the energy levels are
Ek = ±
√
(sin k)2 + (∆k)2. In thermodynamic limit
Ny →∞, ∆k → 0, we have Ek → ± sink (or Ek → sink
on left/right edge and Ek → − sink on right/left edge).
When considering the NH skin effect, we do
an additional NH similarity transformation Uedge =
(
1 0
0 e−q0(k)Ny
) on the effective edge Hamiltonian Hˆedge,
i.e., τx → U−1edgeτxUedge = τx cosh(q0(k)Ny) −
iτy sinh(q0(k)Ny). As a result, the effective edge Hamil-
tonian turns into
Hˆedge = ∆¯+k τ+ + ∆¯−k τ− + τz sin k (4)
4where∆¯+k = ∆¯ke
−Nyq0(k), ∆¯−k = ∆¯ke
Nyq0(k) and ∆¯k =
((cos k+m)2−1−γ2)·(γ2−(cos k+m)2)Ny/2. Under Uedge,
the energy levels become E±(k) = ±
√
(sin k)2 + (∆¯k)2.
With the help of the effective edge Hamiltonian Hˆedge,
we show spontaneous EP phenomenon and topological
Hermitian-NH transition for a given edge state with
wave vector k. At
ln ∆¯±
k
N = 0 topological Hermitian-
NH transition occurs that is just the condition of∣∣((cos k +m)2 − γ2)e±2q0 ∣∣ = 1 from phase with the edge
states (|v¯L,k · v¯R,k| = 1, and Cy = 1) to another with-
out them (v¯L,k · v¯R,k = 0, and Cy = 1). Fig.2(c) and
Fig.2(d) are the numerical results for ∆¯+k or ∆¯
−
k , in which
ln ∆¯±
k
N = 0 denotes the critical points of the topological
transitions. We can also use ΥBBC to characterize the
topological properties of the edge states with wave vec-
tor k, Υk,BBC = 1 − |〈ψk,+|ψk,−〉|/2. See the results in
Fig.2(b).
In addition, we point out that there exists physics con-
sequence of unbalance of the state-dependent topological
invariants for the edge states on chemical potential – the
spontaneous topological current for 2D NH Chern insula-
tor.
For the system with open boundary condition (OPC),
in general, the chemical potentials at the ends of sys-
tem may be different, i.e., µL and µR, respectively. We
assume that the chemical potentials locate inside the en-
ergy gap of the bulk states. So, the transport of the
system mainly comes from the edge states and we can
apply the Landauer-Buttiker formalism on the transport
of edge states. According to the Landauer-Buttiker for-
malism, the (Hall) current is defined as IH = −eveff ·n. In
thermodynamic limit, the effective velocity of the charge
carriers is veff =
1
~
∂Ek
∂k where Ek ∼ ± sink. The density
of the charge carriers is
n = nL − nR = µLD(µL)− µRD(µR) (5)
∼ (µLνL,kL(E)− µRνR,kR(E))D(E)
where D(µL) = νL,kL(E)D(E) and D(µR) =
νR,kR(E)D(E). νL,kL(E) and vR,kR(E) are the state-
dependent topological invariants for the edge states at
left and right sides, respectively. The wave vectors kL
and kR are obtained by calculating the following equa-
tions, sin kL = µL and − sinkR = µR, respectively. As a
result, considering µL/R = −eVL/R, we derive the current
for the NH 2D topological insulator,
IH =
e2
h
Cy(VLνL,kL(E)− VRνR,kR(E))
= σ0(VLν¯L,kL(E) − VRν¯R,kR(E)) (6)
where σ0 =
e2
h is unit of quantized Hall conductance.
In phase III and phase IV of Fig.2(a), when there
doesn’t exist an external transverse electric field µL =
µR = µ, due to the unbalance of the state-dependent
topological invariants for the edge states on chemical
potential, the electric current still exists, i.e., IH =
σ0µ(v¯L,kL − v¯R,kR) 6= 0. Because the current is propor-
tional to the unbalance of the state-dependent topologi-
cal invariant (v¯L,kL − v¯R,kR), the spontaneous current is
topological!
State-dependent Topological Invariants for NH d-
dimensional topological insulators: Finally, we generalize
the theory of state-dependent topological invariants to
NH d-dimensional topological insulators.
A d-dimensional topological system can be approx-
imatively described by continuum model. Assuming
PBCs in all directions, we consider the following Hamil-
tonian for NH d-dimensional topological insulators as
HPBC(k) =
∑d
i=1 kiΓi + (m − 12
∑d
i=1 k
2
i )Γd+1 + iγΓj,
where Γµ denote the gamma matrices that satisfy
{Γµ,Γν} = 2δµν and m is the real mass parame-
ter. γ denotes the strength of the NH term. With
OBCs in the j-th direction and PBCs in all other di-
rections, due to the residue translation symmetry, k˜ de-
notes the vector of all momenta except kj . Under a
similar transformation SˆNHP = diag{1, α, · · · , αNj−1} ⊗
[(1 + α)I + i(1− α)ΓjΓd+1], the Hamiltonian is trans-
formed to HOBC(k˜) =
∑
i6=j kiΓi +
√
M2k − γ2Γd+1,
where α =
√
(Mk − γ)/(Mk + γ), Mk = m− 12
∑
i6=j k
2
i ,
and Nj stands for the number of layers in the j-th direc-
tion.
Then, to completely characterize the topological prop-
erties, we define the state-dependent topological invari-
ants for edge states in the d-D NH topological model.
With OBCs in the j-th direction and PBCs in all other
directions, due to the residue translation symmetry, there
exist edge states on left/right edges with wave vector
k˜. The state-dependent topological invariants for edge
states are defined as
{v¯ξ,k˜, k˜ ∈ T d−1, k˜ 6= 0, and ξ = L,R} (7)
where v¯L,k˜ =Wj ·vL,k˜ for edge state at left end with wave
vector k˜ and v¯R,k˜ =Wj · vR,k˜ for the edge state at right
end with wave vector k˜. Here Wj is the d-dimensional
non-Bloch topological invariant that is defined from the
Hamiltonian HOBC(k˜). vL,k˜ and vR,k˜ are the one-
dimensional winding number that are defined from the
Hamiltonian HPBC(k). vL,k˜ =
1
2pi
∫
dkj∂kjϕ+(kj , k˜)
and vR,k˜ =
1
2pi
∫
dkj∂kjϕ−(kj , k˜) are the Bloch wind-
ing number that are defined from the Hamiltonian un-
der closed boundary condition. h± is described by
h± = hx ± ihy (hx =
∑d
i=1
1
2k
2
i , hy = kj + iγ) and
ϕ± =Arg(h±). The topological Hermitian–NH transi-
tion occurs at m−∑di6=j 12k2i = ±γ ± 1.
Therefore, the state-dependent topological invariants
{v¯ξ,k˜, k˜ ∈ T d−1, k˜ 6= 0, and ξ = L,R} become a com-
plete description of BBC for d-D NH topological systems:
There exist
∣∣∣v¯R,k˜
∣∣∣ edge states with wave vector k˜ at left
end and
∣∣∣v¯L,k˜
∣∣∣ edge states with wave vector k˜ at right
end. The state-dependent topological invariants are not
5applied to the case of k˜ = 0 and we will discuss the case
of k˜ = 0 in supplementary materials in detail.
Conclusion and discussion: In the end, we draw a brief
conclusion. The theory of state-dependent topological in-
variants for NH topological insulators is developed. The
key point of our theory is that each edge state is charac-
terized by state-dependent topological invariants {v¯ξ,k˜,
k˜ ∈ T d−1, k˜ 6= 0, and ξ = L,R} rather than a global
(state-independent) non-Bloch topological invariant wj .
To completely characterize the edge states in a NH topo-
logical systems, one need to calculate all state-dependent
topological invariants. With the help of effective edge
Hamiltonian Hˆedge, we derive the state-dependent phase
diagram and show spontaneous EP phenomenon together
with (state-dependent) topological Hermitian-NH transi-
tion for a given edge state with given wave vector k˜. In
addition, there exists spontaneous topological current IH
for 2D NH Chern insulator that is proportional to the
unbalance of the state-dependent topological invariants
(v¯L,kL − v¯R,kR) for the edge states on chemical potential
µL = µR = µ. In future, the theory of state-dependent
topological invariants can be applied to other types of
topological systems, including topological superconduc-
tors, higher order topological states, even the topological
semi-metals.
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